Abstract. We construct geometric generators of the effective S 1 -equivariant Spin-(and oriented) bordism groups with two inverted. We apply this construction to the question of which S 1 -manifolds admit invariant metrics of positive scalar curvature.
Introduction
The problem of determining generators of S 1 -equivariant bordism rings dates back to the 1970s. There first results were obtained by Uchida [34] , Ossa [25] , Kosniowski and Yahia [20] and Hattori and Taniguchi [14] . Most of these papers deal with oriented or unitary bordism. Moreover they construct additive generators.
Using these generators bordism-theoretic proofs of the Kosniowski formula and the Atiyah-Singer formula have been given [14] , [17] . The Kosniowski formula expresses the T y -genus of a unitary S 1 -manifold in terms of fixed point data [19] . The Atiyah-Singer formula expresses the signature of an oriented S 1 -manifold in terms of the signatures of the fixed point components [1] . They have originally been proved using the Atiyah-Singer G-signature theorem.
More recently the problem of finding multiplicative generators for unitary bordism was studied by Sinha [31] .
Semi-free S 1 -equivariant Spin-bordism has previously been considered by Borsari [4] . Her motivation was a question of Witten, who asked if the equivariant indices of certain twisted Dirac operators are constants and suggested to approach this question via equivariant bordism theory [36, pp. 258-259] . The indices of these twisted Dirac operators are coefficients in the Laurent expansion of the universal elliptic genus in theÂ-cusp. Therefore a positive answer to Witten's question is implied by the rigidity of elliptic genera which was proven by Taubes [33] and Bott-Taubes [5] . However, contrary to what Witten suggested their proof was not based on equivariant boordism theory but instead used equivariant K-theory, the Lefschetz fixed point formula and some complex analysis. Later an alternative proof was given by Liu [22] using modularity properties of the universal elliptic genus.
It seems that after their proofs appeared nobody carried out the bordism theoretic approach to the rigidity problem. We pick up this problem and prove the rigidity of elliptic genera via equivariant bordism theory, thus realizing Witten's original plan. Moreover, we give a bordism-theoretic proof for the vanishing of the A-genus of a Spin-manifold which admits a non-trivial smooth S 1 -action originally proved by Atiyah and Hirzebruch [2] .
This classical result follows from general existence results for S 1 -invariant metrics of positive scalar curvature (see Theorem 1.5 and Theorem 1.6). Up to a power of 2 these results are conclusive, thus finishing a line of thought begun in [3] and continued in [27] , [13] , [35] . We remark that the Atiyah-Hirzebruch vanishing theorem mentioned before and the existence of S 1 -invariant metrics of positive scalar curvature have not been considered as related subjects, so far.
These proofs are based on a construction of additive generators of the S 1 -equivariant Spin-and oriented bordism groups. These generators are described in the following theorem. To state it we first have to fix some notations.
Let G = SO or G = Spin. Denote by Ω G,S 1 n the bordism group of n-dimensional manifolds with effective S 1 -actions and G-structures on their tangent bundles. In the non-spin case we also assume that the closed strata, i.e. the submanifolds of H-fixed points M H for any subgroup H ⊂ S 1 , of our S 1 -manifolds are orientable.
Moreover, denote by Ω G,S 1 ≥4,n similar groups of those S 1 -manifolds which satisfy the above conditions and do not have fixed point components of codimension two. We also assume in this case that the bordisms between the manifolds do not have codimension-two fixed point components.
We also need the notion of a generalized Bott manifold. A generalized Bott manifold M is a manifold of the following type: There exists a sequence of fibrations
such that N 0 is a point and each N i is the projectivization of a Whitney sum of n i + 1 complex line bundles over N i−1 . Then M has dimension 2n = 2 l i=1 n i and admits an effective action of an n-dimensional torus T which has a fixed point. Hence it is a so-called torus manifold (for details on the construction of this torus action see Section 2). (1) Semi-free S 1 -manifolds, i.e. S 1 -manifolds M , such that all orbits in M are free orbits or fixed points. (2) Generalized Bott manifolds M , equipped with a restricted S 1 -action.
The proof of this result is based on techniques first used by Kosniowski and Yahia [20] in combination with a result of Saihi [28] .
Using the above result, we can give a bordism-theoretic proof of the rigidity of elliptic genera. This gives the following theorem: The idea of our proof of this theorem is as follows. By Theorem 1.1 one only has to prove the rigidity of elliptic genera for semi-free S 1 -manifolds and generalized Bott manifolds. For semi-free S 1 -manifolds this was done by Ochanine [24] . His proof can be modified in such a way that it gives the rigidity of T -equivariant elliptic genera of effective T -manifolds M such that all fixed point components have minimal codimension 2 dim T . Here T denotes a torus. This minimality condition is satisfied for torus manifolds and therefore also for generalized Bott manifolds. So the theorem follows.
We also apply Theorem 1.1 to the question of which S 1 -manifolds admit invariant metrics of positive scalar curvature. It is necessary for this application to Theorem 1.3. Let M be a simply connected closed manifold of dimension at least five. Then the following holds:
(1) If M does not admit a spin-structure, then M admits a metric of positive scalar curvature. In the above theorem α(M ) denotes the α-invariant of M . It is a KO-theoretic refinement of theÂ-genus of M and an invariant of the spin-bordism type of M .
The proof of this theorem consists of two steps; one is geometric, the other is topological. The geometric step is to show that a manifold M which is constructed from another manifold N by surgery in codimension at least 3 admits a metric of positive scalar curvature if N admits such a metric. This is the so-called surgery principle. It has been shown independently by Gromov-Lawson [12] and SchoenYau [29] .
From this principle it follows that a manifold of dimension at least five admits a metric of positive scalar curvature if and only if its class in a certain bordism group can be represented by a manifold with such a metric. This is called the bordism principle.
The final step in the proof of the above theorem is then to find all bordism classes which can be represented by manifolds which admit a metric of positive scalar curvature.
The answer to the existence question in the equivariant setting is less clear. First of all, the question if there exists an invariant metric of positive scalar curvature on a G-manifold, G a compact Lie group acting effectively, has been answered positively by Lawson and Yau [21] for the case that the identity component of G is non-abelian. The proof of this result does not use bordism theory or surgery. It is based on the fact that a homogeneous G-space admits an invariant metric of positive scalar curvature, which is induced from an bi-invariant metric on G.
If the identity component of G is abelian, then the answer to this question is more complicated. In this case the existence question was first studied by Bérard Bergery [3] .
He gave examples of simply connected manifolds with a non-trivial S 1 -action which admit metrics of positive scalar curvature, but no S 1 -invariant such metric. There are also examples of manifolds which admit S 1 -actions, but no metric of positive scalar curvature. Such examples are given by certain homotopy spheres not bounding spin manifolds [6] , [30] , [16] .
Bérard Bergery also showed that the proofs of the surgery principle carry over to the equivariant setting for actions of any compact Lie group G. Based on this several authors have tried to adopt the proof of Theorem 1.3 to the equivariant situation.
At first a bordism principle has been proposed by Rosenberg and Weinberger [27] for finite cyclic groups G and actions without fixed point components of codimension two. The proof of this theorem is potentially problematic, because its proof needs more assumptions than those which are stated in the theorem (see the discussion following Corollary 16 in [13] ). Based on Rosenberg's and Weinberger's theorem Farsi [9] studied Spin-manifolds of dimension less than eight with actions of cyclic groups of odd order.
Later Hanke [13] proved a bordism principle for actions of any compact Lie group G which also takes codimension-two singular strata into account. He used this result to prove the existence of invariant metrics of positive scalar curvature on certain non-spin S 1 -manifolds which do not have fixed points and satisfy Condition C (see Definition 2.1).
In [35] the author showed that every S 1 -manifold with a fixed point component of codimension two admits an invariant metric of positive scalar curvature. In that paper existence results for invariant metrics of positive scalar curvature on semifree S 1 -manifolds without fixed point components of codimension two were also discussed.
Here we extend the results from that paper to certain non-semi-free S 1 -manifolds. We prove the following existence results for metrics of positive scalar curvature on non-semi-free S 1 -manifolds.
Theorem 1.4. Let M be a connected effective S 1 -manifold of dimension at least six such that π 1 (M max ) = 0, M max is not Spin and for all subgroups H ⊂ S 1 , M H is orientable. Then for some k ≥ 0, the equivariant connected sum of 2 k copies of M admits an invariant metric of positive scalar curvature. Here M max denotes the maximal stratum of M , i.e. the union of the principal orbits.
Here a equivariant connected sum of two S 1 -manifolds M 1 , M 2 can be a fiber connected sum at principal orbits, a connected sum at fixed points or more generally the result of a zero-dimensional equivariant surgery on orbits O i ⊂ M i , i = 1, 2. Now we turn to a similar result in the case that M is a spin manifold. For this we first note that on spin manifolds there are two types of actions. Those which lift to actions on the spin-structure and those which do not lift to the spin-structure. The actions of the first type are called actions of even type. Whereas the actions of the second kind are called actions of odd type. Theorem 1.5. Let M be a spin S 1 -manifold with dim M ≥ 6, an effective S 1 -action of odd type and π 1 (M max ) = 0. Then there is a k ∈ N such that the equivariant connected sum of 2 k copies of M admits an invariant metric of positive scalar curvature. Theorem 1.6. There is an equivariant bordism invariantÂ S 1 with values in Z[ 2 ], such that, for a spin S 1 -manifold M with dim M ≥ 6, an effective S 1 -action of even type and π 1 (M max ) = 0, the following conditions are equivalent:
There is a k ∈ N such that the equivariant connected sum of 2 k copies of M admits an invariant metric of positive scalar curvature.
For free S
1 -manifolds M ,Â S 1 (M ) is equal to theÂ-genus of the orbit space of M . If the action on M is semi-free, then it coincides with a generalizedÂ-genus of the orbit space defined by Lott [23] . In general we can identifyÂ S 1 with the index of a Dirac-operator defined on a submanifold with boundary of M max /S 1 . A S 1 (M ) can only be non-trivial if the dimension of M is 4k + 1. Moreover, the usualÂ-genus of M is zero in these dimensions. It also vanishes, if M admits a metric of positive scalar curvature. Therefore Theorems 1.5 and 1.6 imply the following theorem which has originally been proved by Atiyah and Hirzebruch [2] using the Lefschetz fixed point formula and some complex analysis. Theorem 1.7. Let M be a Spin-manifold with a non-trivial S 1 -action. Then A(M ) = 0.
The proofs of the above results are based on a generalization (Theorem 5.9) of the bordism principle proved by Hanke [13] to S 1 -manifolds with fixed points. When this is established the theorems follow from the fact that our generators of the second type of Ω
] admit invariant metrics of positive scalar curvature and the existence results from [35] for semi-free S 1 -manifolds. This paper is organized as follows. In Sections 2 and 3 we prove Theorem 1.1 for manifolds satisfying Condition C. Then in Section 4 we generalize these results to manifolds not satisfying Condition C. This completes the proof of Theorem 1.1.
Then we turn to the existence question for invariant metrics of positive scalar curvature on S 1 -manifolds. In Section 5 we generalize the bordism principle of Hanke [13] to S 1 -manifolds with fixed points. Then in Section 6 we show that, under mild assumptions on the isotropy groups of the codimension-two singular strata, normally symmetric metrics are dense in all invariant metrics on an S 1 -manifold with respect to the C 2 -topology. Here normally symmetric metrics are metrics which are invariant under certain extra S 1 -symmetries which are defined on small neighborhoods of the codimension-two singular strata. In Section 7 we introduce our obstructionÂ S 1 to invariant metrics of positive scalar curvature on spin S 1 -manifolds with actions of even type. Then in Section 8 we complete the proof of our existence results for metrics of positive scalar curvature on S 1 -manifolds. Moreover, we give a new proof of the above mentioned result of Atiyah and Hirzebruch using our results.
In the last Section 9 we give a proof of the rigidity of elliptic genera based on our Theorem 1.1.
I would like to thank Bernhard Hanke and Anand Dessai for helpful discussions on the subject of this paper.
Non-semi-free actions on non-spin manifolds
In this section we prove a version of Theorem 1.1 for the S 1 -equivariant oriented bordism groups of manifolds which satisfy Condition C. At first we recall Condition C. Definition 2.1. Let T be a torus and M a compact T -manifold. We say that M satisfies Condition C if for each closed subgroup H ⊂ T , the T -equivariant normal bundle of the closed submanifold M H ⊂ M is equipped with the structure of a complex T -vector bundle such that the following compatibility condition holds: If K ⊂ H ⊂ T are two closed subgroups, then the restriction of
Before we state and prove our main result of this section, we introduce some notations from [20] .
Let M be a S 1 -manifold satisfying Condition C and x ∈ M . Then the isotropy group S 1 x of x acts linearly on the tangent space of M at x. There is an isomorphism of 
Here ν is the map which sends a S 1 -manifold satisfying Condition C of type F to the normal bundle of the submanifold of points of type ρ. Moreover, ∂ assigns to a bundle of type ρ its sphere bundle.
This sequence provides an inductive method of calculating the bordism groups of S 1 -manifolds satisfying Condition C of type F .
be the family of all effective S 1 -slice types with or without, respectively, the slice types of the form
[F ] is generated by semi-free S 1 -manifolds and generalized Bott manifolds M with a restricted S 1 -action which does not have fixed point components of codimension two.
Before we prove this theorem we describe the torus action on the generalized Bott manifolds in more detail.
A generalized Bott manifold M is a manifold of the following type: There exists a sequence of fibrations
such that N 0 is a point and each N i is the projectivization a Whitney sum of n i + 1 complex line bundles over N i−1 .
The torus action on these manifolds can be constructed inductively as follows. At first note that each N i−1 is simply connected. Therefore, if N i−1 has an effective action of an (
; Z) from equivariant to ordinary cohomology is surjective. Hence, by [15] , the T -action lifts to an action on each of the n i + 1 line bundles from which N i is constructed. Together with the action of an (n i + 1)-dimensional torus given by componentwise multiplication on each of these line bundles, this action induces an effective action of an ( i j=1 n j )-dimensional torus T ′ on N i . Note that, by [15] , the T ′ -action constructed in this way is unique up to automorphisms of T ′ , i.e. does not depend on the actual choice of the lifts of the T -actions. So each N i becomes a so-called torus manifold with this torus action, i.e. the dimension of the acting torus is half of the dimension of the manifold and there are fixed points.
Proof of Theorem 2.2. At first we define a sequence of families
When this is done it is sufficient to prove that each Ω 
where V i is C equipped with the S 1 -action given by multiplication with s i for s ∈ S 1 . For Z m ⊂ S 1 we denote the irreducible non-trivial Z m -representations by V −1 , . . . , V −m+1 . Here V i is C with s ∈ Z m acting by multiplication with s i . The effective S 1 -slice types are then of the forms
, and gcd{k (1), . . . , k(n), m} = 1. Such a slice type is semi-free if it is of the form [
The non-semi-free effective slice types fall into three different classes:
We define an ordering of the non-semi-free slice types as follows similarly to the ordering in [20, Section 6] : Let
we order T∪SF at first by δ+d, then by d and then lexicographically. This together with the following conditions gives an ordering on
are families of slice types. The difference between these families of slice types and the families of slice types ST i appearing in [20] is that
Now we prove by induction on i that Ω 
At first assume that σ i ∈ F. Then one can define a section q i to ν i as in [20, Section 6] . For E ∈ Ω 
Moreover, the disc bundle associated to E is bounded by q i (E) and is of type F i+1 . Therefore the claim follows in this case from the induction hypothesis.
Next assume that σ i ∈ SF. Then as in [20, Section 5] , one sees that
Hence the claim follows in this case from the induction hypothesis.
At the end assume that σ i ∈ T. Then one defines a section q i to ν i as in [20, Section 7] . For E ∈ Ω
is represented by a projectivization P (Ẽ) of a unitary S 1 -vector bundleẼ of rank at least two over a manifold with trivial S 1 -action or a manifold M 2 of the following form. First let M 1 be the projectivization of a unitary S 1 -vector bundleẼ 1 over a manifold with trivial S 1 -action. M 2 is then the projectivization of a unitary S 1 -vector bundle E 2 of rank at least two over M 1 . Moreover, one sees from the definition of q i in [20, Section 7] and the fact that σ i is not semi-free that q i (E) does not have fixed point components of codimension two. Since Ω SO * ( i BU (j i )) is generated as a module over Ω SO * by sums of line bundles over complex projective spaces, we may assume that the q i (E) are generalized Bott manifolds. Hence the claim follows in this case from the induction hypothesis.
The spin case
In this section we prove the following theorem about the S 1 -equivariant Spinbordism groups of those manifolds which satisfy Condition C.
be the family of all effective S 1 -slice types with or without, respectively, the slice types of the form [S 1 ; W ] with W an unitary S 1 -representation of dimension one. Then
is generated by semi-free S 1 -manifolds and generalized Bott manifolds with restricted S 1 -action.
For the proof of this theorem we will use the same families of slice types and the following exact sequences analogues to the ones used in the proof of Theorem 2.2.
Before we prove Theorem 3.1, we describe the groups Ω
These groups have been computed by Saihi [28] . She showed that
where H is a finite group, Γ u , Γ v are connected two-fold covering groups of Γ = 
, respectively) if and only if the restriction of the spin structure on E to an invariant tubular neighborhood of an orbit of type [H, V ] in E coincides with the spin structure U (, V, respectively).
Proof. The spin structures on S 1 × H V ×R k are in one to one-to-one correspondence to the spin structures on S 1 × H V . Every spin structure on S 1 × H V induces a homotopy class of lifts of the map pt → BΓ to BΓ u ∐ BΓ v . Moreover, every such lift induces a spin structure on S 1 × H V . Since the fiber of BΓ u ∐ BΓ v → BΓ has two components, there are exactly two homotopy classes of lifts. These lifts induce different spin structures on
Since there are exactly two spin structures on S 1 × H V the claim follows.
After inverting two, we get the following isomorphism:
Here the first isomorphism is induced by the two-fold coverings Γ u , Γ v → Γ. Moreover, the third isomorphism is induced by the homomorphism
We also have
Here the first isomorphism has been shown by Saihi [28] , the second and fourth isomorphism are deduced from the fact that after inverting two Ω SO *
and Ω Spin * become isomorphic.
Moreover, the third isomorphism is constructed as follows: Make a map φ : M → M U (n 1 ) ∧ · · · ∧ M U (n k ) transversal to the zero section of the classifying bundle over BU (n 1 ) × · · · × BU (n k ). Then restrict φ to the preimage of the zero section. This gives an element of Ω
We will need a basis of the Ω
For odd i > 0 denote by X i the tensor product of two copies of the tautological line bundle over CP i . For even i > 0 denote by X i the tensor product of two copies of the tautological line bundle over CP (γ ⊗ γ ⊕ C). Here γ denotes the tautological bundle over CP i−1 . Moreover for i = 0 denote by X 0 the trivial line bundle over a point. Then the 
. Now consider the Atiyah-Hirzebruch spectral sequences for
and
where T is a maximal torus of U (n 1 ) × · · · × U (n k ). They degenerate at the E 2 -level. Hence, it follows that the products in (3.1) form a basis of Ω * [
) from a comparison of the singular homologies of the two spaces (for details see [18, Section 4.3] ).
For the proof of Theorem 3.1 we will also need the following construction of twisted projective space bundles CT P (E 1 ; E 2 ).
1 -vector bundles such that the actions on the base spaces are trivial. Then E i splits as a sum of unitary S 1 -vector bundles
is given by multiplication with z βij . We call E βij i the weight bundle of the weight β ij . Moreover, we write E
Then we have
In the following we assume that dim C E 2 is even and dim C E 0 i = 1 for i = 1, 2. We also assume that one of the following three cases holds:
(
In each of these cases we define a free T 2 -action on the product of sphere bundles
In case 1 we define this action as follows 
If, in case 2, β 2 max > 0, we define this action by
If, in case 3, β 2 max < 0, we define this action by (s, t)·((e 
i and f ∈ F . We denote the orbit space of these actions by CT P (E 1 ; E 2 ). It is diffeomorphic to a CP n2 -bundle over a manifold M , where M is a CP n1 -bundle over
One can compute the cohomology of the total space of the CP n1 -bundle ξ : M → B 1 × B 2 by using the Leray-Hirsch-Theorem as
where u is the mod 2-reduction of the first Chern-class of the tautological line bundle over M and f (u) is a polynomial of degree 2(n 1 + 1). Moreover, its tangent bundle splits as a direct sum
where η is the tangent bundle along the fibers of ξ.
, where γ denotes the tautological line bundle over M .
From this fact it follows that the second Stiefel-Whitney class of M is given by
The same reasoning with M replaced by CT P (E 1 ; E 2 ) and B 1 × B 2 replaced by M shows that the second Stiefel-Whitney class of CT P (E 1 ; E 2 ) is given by
Therefore it follows that CT P (E 1 ; E 2 ) is a spin manifold if B 1 , B 2 are spinmanifolds and E 1 , E 2 are spin-vector bundles.
The S 1 -actions on E 1 and E 2 induce an S 1 -action on CT P (E 1 ; E 2 ). The submanifolds
In the proof of Theorem 3.1 we want that the manifolds CT P (E 1 ; E 2 ) are of type F i for certain families F i of slice types. For this it is important to know the weights of the S 1 -representations on the normal bundles of N β1j ,β 2j ′ . In particular it is important how they differ from the weights at N 0,0 . The weights of the S 1 -action on the normal bundle of N β1j ,β 2j ′ can be computed as listed in tables 1, 2, 3.
In the proof of Theorem 3.1 we will always have
Assume that this holds and that (β 1j , β 2j ′ ) = (0, 0), (0, ±β 2 max ), then we have in cases 1 and 3: Table 1 . The weights of the S 1 -action on CT P in the first case. max{|weights at N β1j ,β 2j ′ |} < max{|weights at N 0,0 |}.
In case 2 let Y β1j ,β 2j ′ be the component of
Then we have
If we have (β 1j , β 2j ′ ) = (±1, ±2), dim C E 1 = 2 and dim C E 2 ≥ 4, then the weight −2 appears in the weights at N β1j,β 2j ′ with multiplicity greater than one. Therefore the S 1 -representation at N β1j ,β 2j ′ does not coincide with the
Note that in all three cases we have that the weights of the S 1 -representation at N 0,β2 max are given by
Proof of Theorem 3.1. Now as in the non-spin case we construct sections to the maps
At first assume that Table 3 . The weights of the S 1 -action on CT P in the third case.
There are equivariant diffeomorphisms
where the action on the left hand spaces is given by the product action and on the right hand spaces the action is induced by left multiplication on the first factor. Moreover, we can (non-equivariantly) identify
Composing these diffeomorphisms leads to the map
This map interchanges the two spin structures on S 1 × C k . Therefore one of the two spin structures on
](BΓ first copy ). Then the sphere bundle associated to k+1 i=1 ni h=1 X j hi ,αi gives the desired preimage. Here X j,α denotes the bundle X j equipped with the action of S 1 induced by multiplication with z α for z ∈ S 1 . This can be seen as follows: The normal bundle of S(E) H in S(E) bounds the normal bundle of D(E) H in D(E). Therefore a tubular neighborhood of an orbit of type [H, V ] in S(E), equipped with its natural spin structure, equivariantly bounds D 2 ×V ×R k . Hence, this spin structure is the one which corresponds to BΓ first copy . In particular, S(E) is the desired preimage of E.
Next
](BΓ second copy ), then, by an argument similar to the one from above, the sphere bundle associated to
gives the desired preimage. HereX j 1(k+1) is the dual vector bundle of X j 1(k+1) . Moreover, X jn 1 1 ⊗X j 1(k+1) ⊕X j 1k+1 is the vector bundle over the base space B 1 ×B 2 of X jn 1 1 × X j 1k+1 given by the Whitney sum of pr *
For this case we will use Construction 3.3 of twisted projective space bundles CT P (E 1 ; E 2 ).
Case 1: At first also assume, that all weights of V are negative and the minimal weight appears with multiplicity one. Then one can see that the map Ω
has the same image as the first section constructed above for slice types with finite isotropy groups. Hence it is injective.
Case 2: Next assume that all weights except α 1 of V are negative, the minimal weight and α 1 appear with multiplicity one and 0 > α 1 −m ≥ α i for all i > 1, where −m = α k . Then one can see that the map Ω
has the same image as the second section constructed above for slice types with finite isotropy groups. Then
]-module. To see this, note that the map
is an isomorphism. Moreover, the elements given above are the images of the basis (3.1) under this isomorphism. If j 11 ≥ j n22 with α 2 = α 1 − m or α 1 − m > α 2 , then the image of
is part of a basis of the image of the second section constructed for normal orbit types with finite isotropy groups. Therefore for these basis elements we do not have to define preimages under ν i .
Therefore assume that α 2 = α 1 − m and j 11 < j n22 . Then
is mapped by ν i to
Here the two components of CT P (E 1 ; E 2 ) S 1 which correspond to the two summands of the above sum are given by CT P (C; C) and CT P (C; X j 1k ,α k ). The other fixed point components are of different slice types. Therefore we have found the generators in this case.
, such that all weights except α 1 of V are negative, the minimal weight and α 1 appear with multiplicity one and
Here the component of CT P (E 1 ; E 2 ) S 1 which corresponds to this product is given by CT P (C; C) S 1 . The other components of the fixed point set are of different slice types. Therefore we have found the generators in this case.
Case 4: Next assume that σ i = [S 1 , V ], such that α 1 > 0 appears with multiplicity at least two and the minimal weight appears with multiplicity one and is negative and
Therefore we have found the generators in this case.
Case 5: Next assume that σ i = [S 1 , V ], such that α 1 > α 2 > 0 and the minimal weight appears with multiplicity one and is negative and
Case 6: Next assume that α 1 = 2 and α 2 = ±1 are the only weights. Then is a manifold which satisfies Condition C such that the weights at the four fixed point components are (−2, −1), (−2, 1), (2, −1), (2, 1). If α 2 = −1, we conjugate the complex structure on the summand N (M S 1 , M Z2 ) of the normal bundle of the last fixed point component. In this way we get the desired generators in this case.
Case 7: In all other cases let β ∈ {α 1 , α k } be a weight of maximal norm. Then there is a second weight δ = β, −β. In these cases one of
is spin and mapped by ν i to
Hence we have found generators of the image of ν i in all cases. This completes the proofs of the theorem.
S 1 -manifolds not satisfying Condition C
In this section we prove Theorem 1.1. In view of Theorems 2.2, 3.1 it suffices to prove the following lemma.
is surjective. Here Ω
[F ] denotes the bordism group of n-dimensional G-manifolds with effective S 1 -action of type F such that, for all subgroups
To prove this lemma, we use an induction as in Section 3. To do so, we first recall that the real slice types of S 1 , which appear in an orientable S 1 -manifold, are given by
Therefore for each real slice type ρ there is a preferred complex slice type σ such that after forgetting the complex structure we have ρ = σ. Note that this slice type is the first complex slice type representing ρ with respect to the ordering introduced in Section 2. We call two complex slice types equivalent if they represent the same real slice type.
The ordering of preferred complex slice types induces an ordering of the real slice types. Moreover, this leads to a sequence G i of families of slice types such that
G i = {effective slice types without codimension two fixed point sets}
We will show by induction on i that every [M ] ∈ Ω G,S 
Here σ h(i) denotes the preferred complex slice type representing ρ i .
A diagram chase shows that we are done with the induction step if we can show that the composition of maps
The following isomorphisms can be constructed in a similar way as in the case of the groups Ω
For the construction of these isomorphisms in the spin case see [28] . In particular, it follows that the maps Ω ]) are concentrated in even degrees, the Atiyah-Hirzebruch spectral sequence for the bordism groups (with two inverted) for these spaces degenerates at the E 2 -level. Hence it follows that f induces a surjective map on bordism groups.
Because this map factors through BG C , where
U (j α ) and G and G C are two-fold covering groups of
respectively, it follows from the above isomorphism that Ω
We have a section
]. Hence, it suffices to consider those real slice types for which ν C h(i) is not surjective. These are of the form
Case 1: At first assume that In the spin case we have to look at three cases:
• α 1 is the only weight with α 1 > − m 2 and appears with multiplicity greater than one.
• α 1 is the only weight with α 1 > − m 2 and appears with multiplicity one. As seen in Cases 4 and 5 of the proof of Theorem 3.1 in the first two cases the map ν C σ is surjective. Moreover, one can check that the section qσ has the same property as in the non-spin case. Therefore one can argue as in the non-spin case to get the conclusion in these two cases.
In the last case we can replace σ h(i) byσ by the same reason as in the first two cases. Therefore we have the commutative diagram
where the vertical maps on the left and right are isomorphisms. Moreover, in Case 2 of the proof of Theorem 3.1 it was shown that the restriction of the upper right map to the image of the upper left map is injective. Therefore it follows that the kernel of the lower left map is contained in the image of the kernel of the upper left map under the isomorphism on the left. From this it follows by diagram chasing that the map Ω
As shown in Case 5 of the proof of Theorem 3.1, for this slice type ν C σ is surjective in the spin case. In the non-spin case this map is surjective because −α 1 > 0. Moreover, the section qσ to ν 
Here we have omitted the BU (j i ) factors with i > 1 in the middle and right hand column.
Moreover, the left hand horizontal maps are the isomorphisms from the previous page. The right hand horizontal maps are induced by two-fold coverings of the respective groups.
The right hand vertical maps are as follows:
The first map maps a pair (X, Y ) where X is a line bundle over some manifold M and Y is an j 1 -dimensional complex vector bundle over M to (X, X ⊗ Y ).
The second map is the map which forgets the complex structure on Y . The kernel of this map can be described as follows.
There are natural actions of the Weyl-groups W (U (j 1 )) and W (SO(2j 1 )) on Ω * (BT j1 ), where
is a maximal torus. Note that W (SO(2j 1 )) can be identified with a semi-direct product Z j1−1 2 ⋊ S j1 . Moreover W (U (j 1 )) can be identified with the permutation subgroup S j1 . An element of Z j1−1 2
by multiplication with −1 on an even number of summands. An element of S j1 acts by permuting the summands. It follows from an inspection of the relevant Atiyah-Hirzebruch spectral sequences that the kernels of the natural surjective maps
are generated by elements of the form (X, Z − γZ) with γ ∈ W (U (j 1 )) or γ ∈ W (SO(2j 1 )), respectively. Therefore the kernel of the map
is generated by elements of the form (X, Z−γZ) with γ ∈ W (SO(2j 1 ))/W (U (j 1 )) = Z j1−1 2 . The third map is induced by the isomorphism
. This isomorphism exists since Z m 2 acts trivially on SO(2j 1 ). Since the right hand horizontal maps are induced by two-fold coverings, it follows that, if j 1 > 1, then the kernel of the composition of the middle vertical maps is generated by bundles of the form
where X and Z are complex vector bundles over the same base manifold with dimension one and j 1 respectively, γ is an element of W (SO(2j 1 ))/W (U (j 1 )). Moreover, we have Z = Z 1 ⊕ Z 2 with γZ 1 = Z 1 and γZ 2 =Z 2 andX,Z 2 denote the conjugated bundles of X and Z 2 , respectively. If j 1 = 1 then this map is injective. Therefore in the following we will assume that j 1 > 1. In this case a bundle as above is the image under ν i of
where Z = Z 1 ⊕ Z 2 , X is a complex line bundle and Y is a complex vector bundle induced by the projection
Note that since W (SO(2j 1 )) acts on H 2 (BT ) in the way described above, Z 2 is always even-dimensional. Therefore the above manifold is spin if the involved bundles X, Y, Z 1 , Z 2 are spin bundles and the base space is a spin manifold. This is the case for our generators of Ω
] considered in Section 3. Therefore the lemma is proved.
Resolving singularities
Now we turn to the construction of invariant metrics of positive scalar curvature on S 1 -manifolds. In this and the next two sections we prepare the proof of Theorems 1.4, 1.5 and 1.6 which will be carried out in Section 8.
In this section we discuss a general construction for invariant metrics of positive scalar curvature on certain S 1 -manifolds. These S 1 -manifolds are not semi-free and have S 1 -fixed points. The construction is a generalization of a construction from [13] , where it was done for fixed point free S 1 -manifolds. For this construction we need the following technical definition. (1) Assume T = S 1 and M S 1 = ∅. We say that g is scaled if the vector field generated by the S 1 -action is of constant length. (2) We call g normally symmetric in codimension two if the following holds:
Let H ⊂ T be a closed subgroup and F a component of M H of codimension two in M . Then there is an T -invariant tubular neighborhood N F ⊂ M of F together with an isometric S 1 -action σ F on N F which commutes with the T -action and has fixed point set F .
The next lemma is a generalization of Lemma 23 of [13] to S 1 -manifolds with fixed points. We have Therefore by Lemma 3 of [12] , there is a invariant metric g 2 of positive scalar curvature on M − V ′ such that g 2 restricted to a collar of ∂V ′ is of the form h 2 + ds 2 and g 2 restricted to M − V is equal to g.
be the vector field generated by the S 1 -action. Because there are no fixed points in M − V ′ , X is nowhere zero. Denote by V the one-dimensional subbundle of T (M − V ′ ) generated by X and H its orthogonal complement with respect to g 2 . For p ∈ M − V ′ , define f (p) = X(p) g2 . Note that f is constant in a small neighborhood of ∂V ′ . Next we describe some local Riemannian submersions which are useful to show that our scaled metrics have positive scalar curvature. Let
be a tube around an orbit in M − V ′ . We pull back the metric g 2 via the covering
This yields a metric which is invariant under the free circle action on the first factor. Let g ′ 2 be the induced quotient metric on D(W ). Then the argument from the proof of Theorem C of [3] , shows that the metric
on D(W ) has positive scalar curvature. Now let dt 2 be the metric on V for which X has constant length one. By O'Neill's formula applied in the above local fibration, the scalar curvature of the metric
where A is the A-tensor for the connection induced by g 1,3 in the fibration
Since M is compact it follows that there is an ǫ 0 > 0 such that for all ǫ 0 > ǫ > 0 the metric g ǫ, 3 has positive scalar curvature.
Moreover, since the restriction of g 2 to a collar of ∂V ′ was a product metric and f is constant in this neighborhood g ǫ, 3 is also a product metric on this collar.
Next we show that g ǫ,3 | ∂V and h 2 are isotopic via invariant metrics of positive scalar curvature. We have
In other words, h 2 is equal to the metric g f ·f
up to scaling. Hence, it follows from formula (5.1) that the metrics h 2 and g ǫ,3 | ∂V are isotopic via invariant metrics of positive scalar curvature because both metrics have positive scalar curvature. One only has to increase or decrease the parameter ǫ and then rescale the metric. Since h 2 is isotopic to h 1 it follows from Lemma 3 of [12] , that there is an invariant metric of positive scalar curvature on M whose restriction to M − V ′ is g ǫ, 3 . The remark about the normally symmetric metrics of positive scalar curvature can be seen as follows. Because the local S 1 -actions σ F commute with the global S 1 -action, they respect the decomposition T (M − V ) = H ⊕ V. Therefore the new metric is invariant under these actions. This completes the proof.
Remark 5.3. Note that every g ǫ,3 , 0 < ǫ < ǫ 0 , can be extended to an invariant metric of positive scalar curvature on M and that the restrictions of all these metrics to H are the same. This shows that the metric g ǫ, 3 can be scaled down on V without effecting the restriction of the metric to H and the fact that the g ǫ, 3 can be extended to a metric of positive scalar curvature on M .
Next we describe a resolution of singularities for singular strata of codimension two from [13] . Let M be a S 1 -manifold of dimension n ≥ 3 and
be an S 1 -equivariant embedding where H is a finite subgroup of S 1 and W is an one-dimensional unitary effective H-representation. Here H acts trivially on S n−3 . Since S(W )/H can be identified with S 1 , the S 1 -principal bundle
and consider S(W )/H as the boundary of D 2 . Then we can glue the free
We say that M ′ is obtained from M by resolving the singular stratum φ(S 1 × H (S n−3 × {0})). Now we can state the following generalization of Theorem 25 of [13] .
be an S 1 -equivariant embedding where W is a unitary effective H-representation of dimension one. Let M ′ be obtained from M by resolving the singular stratum φ(S 1 × H (S n−3 × {0})) ⊂ M . If M admits an invariant metric of positive scalar curvature which is normally symmetric in codimension 2 outside of V , then also M ′ admits such a metric.
Since the proof of Theorem 25 of [13] is mainly a local argument in a neighborhood of the singular stratum which is resolved with some down scaling at the end, its proof is also valid in the case where M has fixed points components of codimension at least four, by Lemma 5.2 and Remark 5.3. Therefore we have the above theorem.
The next step is the following generalization of Lemma 24 of [13] :
Lemma 5.5. Let Z be a compact orientable S 1 -bordism between S 1 -manifolds X and Y such that for all subgroups H ⊂ S 1 all components of codimension two of Z H are orientable. Assume that X carries an invariant metric of positive scalar curvature which is normally symmetric in codimension 2. If Z admits a decomposition into special S 1 -handles of codimension at least 3, then Y carries an invariant metric of positive scalar curvature which is normally symmetric in codimension 2.
Proof. First recall that a special S 1 -handle is an S 1 -handle of the form
where H is a subgroup of S 1 , W is an orthogonal H-representation, D(W ) is the unit disc in W and H acts trivially on the
Here the codimension of the handle is given by dim W .
Therefore as in the proof of Lemma 24 in [13] we may assume that Y may be constructed from X by equivariant surgery on
. First assume that d = 0. Then we have S = ∅. Hence the surgery on S produces a new component
Since Z is orientable, there is a homomorphism φ : H → SO(n) which corresponds to the H-representation W . As a subgroup of S 1 , H has a dense cyclic subgroup. Therefore φ(H) is contained in a maximal torus of SO(n). Hence W is isomorphic to R k ⊕ i W i , where R k denotes the trivial H-representation and the
K has codimension two in S, then there is exactly one W i0 such that K acts non-trivially on W i0 . Therefore the S 1 -action on
, which is induced by complex multiplication on W i0 commutes with the original S 1 -action and leaves all connection metrics induced from the round metric on S(W ) invariant. Since there are such connection metrics with positive scalar curvature on S 1 × H (D 0 × S(W )) the theorem follows in this case. Now assume that d ≥ 1. Then S is non-empty. The proof proceeds as in Hanke's paper. This is done as follows. As in Hanke's paper we may assume that there is a K ⊂ H and a component F ⊂ X K of codimension 2 with
Moreover, the extra symmetry σ induces an orthogonal action σ of S 1 on the third factor of
). This action extends to an orthogonal action on the third factor of the handle 
). Therefore we have to rule out this case. This is done as follows. By assumption
Therefore the structure group of N (F ′ , Z) is SO(2) = U (1) and the S 1 -action σ extends to an action which is defined on a neighborhood of F ′ . Since the actions σ ± are restrictions of this action their isomorphism types coincide. Therefore the actions σ ± extend to an orthogonal action on
Now one can construct an invariant metric of positive scalar curvature which is normally symmetric in codimension 2 on Y as in the proof of Lemma 24 of [13] .
Remark 5.6. It follows from an argument of Edmonds [8] that the condition on the codimension-two singular strata of Z in the above lemma is always satisfied if Z is spin (see also section 10 of Bott-Taubes [5] ).
Let p : B → BO be a fibration. A B-structure on a manifold M is a liftν : M → B of the classifying map ν → BO of the stable normal bundle of M . We denote by Ω B n,S 1 the equivariant bordism group of S 1 -manifolds with B-structures on maximal strata, i.e. an element of Ω B n,S 1 is represented by a pair (M,ν), where M is an ndimensional S 1 -manifold andν : M max → B is a B-structure. Moreover, such a pair represents zero if there is an n + 1-dimensional S 1 -manifold with boundary W with a B-structure f : W max → B on its maximal stratum such that ∂W = M and f | Mmax =ν.
Lemma 5.7. Let M be a connected S 1 -manifold of dimension n ≥ 6 with a Bstructureν : M max → B on its maximal stratum such thatν is a two-equivalence, i.e.ν induces an isomorphism on π 1 and a surjection on π 2 . Let W be a connected equivariant B-bordism between M and another S 
Here the dashed map φ is induced by the commutativity of the diagram and the universal property of the quotient group. It follows from an easy diagram chase that ker φ ∼ = kerν Since π 1 (W max /S 1 ) and π 1 (M max /S 1 ) are finitely presentable, it follows that ker φ is finitely generated as a normal subgroup of π 1 (W max /S 1 ). Therefore after a finite number of iterations of the above surgery step we may achieve that kerν −1 * • f * = 0. This is equivalent to the fact that π 1 (M max ) → π 1 (W max ) is an isomorphism.
The next step is to make the map π 2 (M max ) → π 2 (W max ) surjective. We have the following commutative diagram with exact rows.
It follows from an application of the snake lemma that there is an isomorphism
Let c : S 2 → W max be a representative of a class in π 2 (W max )/π 2 (M max ) such that π • c is an embedding. Then there is an equivariant embedding c ′ :
is surjective we may assume that f * c = 0. Therefore we can do equivariant surgery on c ′ to construct a new B-bordism W ′ such that
where
Since π 2 (W max )/S 1 is a finitely generated Z[π 1 (W max /S 1 )]-module we get after a finite number of repetitions of this step a bordism W ′ for which
This completes the proof.
Remark 5.8. If in the situation of the above lemma M max is spin, then p :
where p is the composition of the projection on the second factor with the natural fibration BSpin → BO, f is the classifying map of the universal covering of M max and s is a Spin-structure on M max , satisfies the assumptions on B.
If M max is orientable, not spin with universal covering not spin, then p :
where p is the composition of the projection on the second factor with the natural fibration BSO → BO, f is the classifying map of the universal covering of M max and s is a orientation on M max , satisfies the assumptions on B.
If M max is orientable, not spin with universal covering spin, then it follows that For more details see [26] .
Now we can prove the following generalization of Theorem 34 of [13] .
Theorem 5.9. Let Z be a compact connected oriented S 1 -bordism between closed S 1 -manifolds X and Y . Assume that for all subgroups H ⊂ S 1 all components of codimension two of Z H are orientable and that the following holds
There is a B-structure on Z max , whose restriction to Y max induces a twoequivalence Y max → B. Then, if X admits an S 1 -invariant metric of positive scalar curvature which is normally symmetric in codimension 2, then Y admits an S 1 -invariant metric of positive scalar curvature which is normally symmetric in codimension 2 outside a tubular neighborhood of Y S 1 .
Proof. Let dim Z = n + 1. The first step in the proof is to replace the bordism Z by a B-bordism Z ′ between X and Y ′ such that
′ by resolving singular strata.
By (2) and Theorem 5.4 it is sufficient to construct a metric of positive scalar curvature which is normally symmetric in codimension 2 on Y ′ . The construction of Z ′ is as follows. Let F be a codimension 2 singular stratum in Z which does not meet Y and Ω ⊂ F an orbit. By the slice theorem there is a S 1 -invariant tubular neighborhood N of Ω in Z which is S 1 -equivariantly diffeomorphic to
We set Z ′ = Z − (N ∪ im Ψ). As in the proof of Theorem 34 of [13] one sees that (1) and (2) hold. To be more precise we have an equivariant diffeomorphism
Since π 2 (B) is finitely generated as a Z[π 1 (B)]-module we can assume that im Ψ avoids a finite set of embedded two-spheres which are mapped by the B-structure ν to the generators of π 2 (B). Hence, we may assume that
But there might be a non-trivial linking sphere
. This problem can be dealt with as in Hanke's paper by attaching a 2-handle to Z which can be canceled by a 3-handle. Therefore the same argument as in Hanke's paper leads to an isomorphism π 1 (Y ′ ) → π 1 (B). Now it follows from Lemma 5.7 and Theorem 15 of [13] (with the refinement of Lemma 5.5) , that Y ′ admits an invariant metric of positive scalar curvature which is normally symmetric in codimension 2. Therefore it follows from Theorem 5.4 that Y admits such a metric.
Remark 5.10. Given the other conditions on Z from the above Theorem, the condition codim Z S 1 ≥ 4 cannot be relaxed. This can be seen as follows. Let Y be a free simply connected S 1 -manifold, whose orbit space does not admit a metric of positive scalar curvature. Then Y is necessarily spin and the S 1 -action is of even type. Let Z be the trace of an equivariant surgery on an orbit in M , as in Lemma 3.1 of [35] . Then Z is a semi-free S 1 -manifold, not spin and has a codimension two fixed point component which meets the boundary component X which is not equal to Y . By Theorem 2.4 of [35] , X admits an invariant metric of positive scalar curvature. But Z max is homotopy equivalent to Y and therefore admits a Spin-structure. Therefore, by Remark 5.8, all assumptions of Theorem 5.9 except the one about the codimension of the fixed point set are satisfied.
We have the following corollaries to Theorem 5.9:
Corollary 5.11. Let M be a Spin S 1 -manifold of dimension at least six with simply connected maximal stratum and without fixed point components of codimension two. Then M admits an invariant metric of positive scalar curvature which is normally symmetric in codimension 2 if and only if M is equivariantly spin-bordant to a manifold M ′ which admits such a metric and has no fixed point components of codimension two, such that the bordism Z between M and M ′ does not have fixed point components of codimension two.
Proof. Let Z be an equivariant Spin cobordism between M and M ′ as above. Then, by Remark 5.6, all codimension two strata of Z are orientable. Therefore the corollary follows from Theorem 5.9.
Corollary 5.12. Let M be a S 1 -manifold of dimension at least six with simply connected non-spin maximal stratum and without fixed point components of codimension two such that all singular strata of M are orientable. Then M admits an invariant metric of positive scalar curvature which is normally symmetric in codimension 2 if and only if there is an equivariant bordism whose singular strata are orientable between M and a manifold M ′ which admits such a metric and has no fixed point components of codimension two.
Proof. Let Z be a equivariant bordism between M and M ′ . Then there might be codimension two fixed point components in Z. But by assumption they do not meet the boundary. Therefore we can cut them out of Z. This construction leads to a new bordism Z ′ between M and M ′ ∐ M 1 ∐ · · · ∐ M k , where the S 1 acts freely on the M i . After attaching handles of codimension at least 3 to Z ′ , we may assume that the M i /S 1 are simply connected and not spin. Since the M i /S 1 are not spin, it follows from Theorem C of [3] that there is an invariant metric of positive scalar curvature on each M i . Hence, the corollary follows from Theorem 5.9.
Note that if the T -manifold M satisfies condition C, then for all closed subgroups H ⊂ T the fixed point set M H is orientable. Proof. This follows from an inspection of the proof of Theorem 2.4 of [35] and Lemma 24 of [13] . We use the same notation as in the proof of Theorem 2.4 of [35] .
Since M satisfies condition C, this also holds for the
Hence it follows from Lemma 24 1 of [13] , that
-invariant metric of positive scalar curvature which is normally symmetric in codimension two.
For H S 1 0 , we have p 
Since Ω 1 C,S 1 = 0, we may assume that dim M i , dim N i ≥ 2 for all i. Hence, by Lemma 3.1 of [35] we may assume that all M i and N i have S 1 -fixed point components of codimension two. Therefore by Lemma 5.13, we may assume that M i × N i admits an S 1 -invariant metric of positive scalar curvature which is normally symmetric in codimension two. Hence the theorem follows from Corollary 5.12.
Normally symmetric metrics are generic
In this section we prove that under mild conditions on the isotropy groups of the singular strata of codimension two in an S 1 -manifold M , any invariant metric g on M can be deformed to a metric which is normally symmetric in codimension two.
The main result of this section is as follows:
Theorem 6.1. Let M be an orientable effective S 1 -manifold. Moreover, let g be an invariant metric on M .
If there are no codimension two singular strata with isotropy group Z 2 , then there is an invariant metric g ′ on M which is C 2 -close to g and normally symmetric in codimension two.
be a neighborhood of an orbit in N . Here W can be assumed to be the standard one-dimensional complex representation of H ⊂ S 1 because the S 1 -action on M is effective. We pull back g to a metricg onŨ = S 1 × W × R n−3 . This metric is S 1 × Hinvariant. Let h : TŨ ⊗ TŨ → R be the Taylor expansion ofg in directions tangent to W up to terms of degree two. Then h might be thought of as an invariant function on
which is linear in the copies of W × R n−2 and a polynomial of degree two in the first copy of W . Therefore h can be identified with a map
H , where S i W * denotes the i-th symmetric product of W * . There are a i ∈ N, such that
Moreover, for H of order greater than 4 and b ≤ 4, we have
Hence, it follows that h is invariant under the rotational action of S 1 on W if the order of H is greater than 4. Now we can deformg so that it coincides with h in a neighborhood of S 1 × {0} ⊂ U . This metric induces a metric on U which is invariant under the rotational action of S 1 on W . Since N is orientable the rotational action on W extends to an action on a neighborhood of N in M with fixed point set N . Therefore we can glue the metrics on different neighborhoods of orbits in N . This implies the claim if there are no singular strata of codimension two with isotropy group Z k , k ≤ 4. Now assume that that there is a singular stratum of codimension two with isotropy group Z 3 . Then we have to show that the projectionh of h to a 3 (W * ⊗3 ⊕ W ⊗3 ) is trivial. This projection is of the following form h = α 1 (u)zdzdz + β 1 (u)zdzdz + j (α 2j (u)z 2 dzdu j + β 2j (u)z 2 dzdu j ).
Here z denotes the complex coordinates in W and u denotes the coordinates in S 1 × R n−3 . In polar coordinates z = re iϕ the above expression is equal tō h = r(α 1 (u)e i3ϕ + β 1 (u)e −i3ϕ )drdr + r 2 i(α 1 (u)e 3iϕ − β 1 (u)e −3iϕ )drdϕ + j r 2 (α 2j (u)e 3iϕ + β 2j (u)e −3iϕ )drdu j − r 3 (α 1 (u)e 3iϕ + β 1 (u)e −3iϕ )dϕdϕ + j ir 3 (α 2j (u)e 3iϕ − β 2j (u)e −3iϕ )dϕdu j .
But by the generalized Gauss Lemma [11, Section 2.4] we may assume that g is of the form drdr + h ′ (u, r, ϕ), where h ′ (u, r, ϕ) is a metric on S 1 × R n−3 × S Hence, we may assume that α 1 = β 1 = α 2j = β 2j = 0. Therefore the metric can be deformed as in the first case.
The case of singular strata with isotropy group Z 4 is similar and left to the reader.
If M is spin and the S 1 -action on M is of even type then there are no components of M Z2 of codimension two in M . Therefore we get the following corollary to the above theorem. Corollary 6.2. Let M be a spin S 1 -manifold with an effective action of even type. Then M admits an invariant metric of positive scalar curvature if and only if it admits an invariant metric of positive scalar curvature which is normally symmetric in codimension two.
7. An obstruction to invariant metrics of positive scalar curvature Before we prove existence results for invariant metrics of positive scalar curvature on Spin-S 1 -manifolds, we introduce an obstruction to the existence of such metrics. Throughout this section we only deal with Spin-S 1 -manifolds with actions of even type.
Assume that M is such a manifold and that there is no codimension two stratum in M and M admits a metric of positive scalar curvature. Let N be a tubular neighborhood of a minimal stratum M H . Then, since codim M H ≥ 4, there is an invariant metric of positive scalar curvature on M 1 = M − N which is scaled and a connection metric on the boundary of M 1 , whose restriction to the fibers of ∂N → M H is given by a metric which is constructed from the round metric on S k by a certain deformation [12] . Moreover, this metric on M 1 is a product metric near the boundary.
We continue this construction in the same manner with M replaced by M 1 . Since there are only finitely many orbit types in M after a finite number of steps we will reach some M k with a free S 1 -action, such that
• M k has a metric of positive scalar curvature,
• the restriction of this metric to a neighborhood of the boundary of M k is a product metric, • the restriction of this metric to the boundary has positive scalar curvature, • the restriction of this metric to an open stratum of ∂M k is a connection metric with fibers isometric to open subsets in deformed spheres.
By [3, Theorem C] , there is a metric of positive scalar curvature on M k /S 1 . Therefore the index of the Dirac-operator on M k /S 1 vanishes. If the invariant metric on M does not have positive scalar curvature, we still can construct M k and the metric on the boundary of M k is still the same as in the above construction. We still have an Dirac-operator on M k /S 1 . Its index is an invariant of M k /S 1 together with the metric on its boundary. We defineÂ S 1 (M ) to be the index of this Dirac-operator. One easily sees thatÂ S 1 (M ) is an invariant of the equivariant spin bordism type of M . Now assume that M has strata of codimension two. Then by using the above construction we get a manifold M k which has only minimal strata of codimension two. Moreover, there is a metric of positive scalar curvature on the boundary. This metric on the boundary can be assumed to be normally symmetric in codimension two by the discussion in section 6. Now we can apply the following desingularization process to get a manifold M k+1 with boundary and without codimension two singular strata. It is similar to the desingularization process in [13, Section 4] .
Let N be a codimension two singular stratum in M k . Then a neighborhood of N in M k is diffeomorphic to a fiber bundle E with fiber S 1 × H D(W ) and structure group S 1 × H SO(W ) = S 1 × H S 1 1 over N/S 1 . Here W is a one-dimensional unitary representation of H which depends on N .
The boundary of this neighborhood ∂E is given by the principal S 1 × H S Proof. By Theorem 3.1 and Lemma 4.1, the connected sum of 2 l copies of M is equivariantly bordant to a union M 1 ∐M 2 , where M 1 is a semi-free simply connected S 1 -manifold and M 2 is a S 1 -manifold which admits an invariant metric of positive scalar curvature which is normally symmetric in codimension two.
If the S 1 -action on M is of even type, we haveÂ S 1 (M ) = 2 −lÂ S 1 (M 1 /S 1 ). Now the theorems follow from Theorems 4.7 and 4.11 of [35] .
As an application of our results we give a new proof of the following result of Atiyah and Hirzebruch [2] .
for all n. Now we have
Here the first two equations follow from the properties of p * . Moreover, the last equality follows because M G | CP n bounds W G | CP n . This proves the lemma.
A Λ-genus ϕ is called elliptic if there are δ, ǫ ∈ Λ such that its logarithm is given by
We call an equivariant genus ϕ S 1 of an
] is constant in u. The following has been proved by Ochanine [24] .
Theorem 9.2. The elliptic genus of a semi-free Spin-S 1 -manifold is rigid.
In view of the above lemma and Theorem 1.1 it suffices to show the following lemma to prove the rigidity of elliptic genera (Theorem 1.2). In an effective Tmanifold the codimension of the fixed point set is at least 2 dim T . The next lemma states that the T -equivariant elliptic genus of an effective T -manifold is constant if the codimension of all components of the fixed point set is minimal.
Lemma 9.3. Let M be an effective Spin-T n -manifold, such that all fixed point components have codimension 2n. Then the T n -equivariant elliptic genera of M are rigid.
Proof. It suffices to consider the equivariant elliptic genus ϕ T n (M ) defined in Section 2.1 of Ochanine's paper. This is defined as follows: For a lattice W ⊂ C and a non-trivial homomorphism r : W → Z 2 there exists a unique meromorphic function x on C such that (1) x is odd, (2) the poles of x are exactly the points in W ; they are all simple and the residues of x in w ∈ W is given by (−1) r(w) , (3) for all w ∈ W we have x(u + w) = (−1) r(w) x(u).
From this one defines a genus ϕ such that g(u) −1 is the Taylor expansion of 1/x in the point u = 0.
With this definition, ϕ T n [M ] can be identified with a meromorphic function on C n . Let F ⊂ M be a fixed point component and λ 1,F , . . . , λ n,F : Z n → Z the weights of the T n -action on the normal bundle to F . Since the T n -action is effective and codim F = 2n, it follows that (λ 1,F , . . . , λ n,F ) : Z n → Z n is an isomorphism. In particular each λ i,F is surjective. As in the proof of Proposition 7 in Ochanine's paper [24] one sees that the genus ϕ T n (M ) is a polynomial in x • λ i,F,C and y • λ i,F,C , i = 1, . . . , n. Here F ⊂ M T n is a component of M T n , and λ i,F,C is the linear extension of λ i,F to C n . Moreover, y is the derivative of x.
In particular, the poles of ϕ T n (M ) lie in the union of the following hyperplanes:
ker λ i,F,C + z
